Abstract. We determine the finite simple groups of Lie type of characteristic p, for which the Steinberg character lies in the principal -block for every prime = p dividing the order of the group. Here we answer the question of Bessenrodt and Zhang. It turns out that the answer is generic in the sense that it only depends on the Lie type of the group and not on the underlying characteristic. This genericity suggests that there could be a more uniform proof than the one presented here.
In [1, Corollary 4.4], Bessenrodt, Malle, and Olsson determine the finite simple groups of Lie type having a non-trivial irreducible character which is in the principal -block for all primes dividing the group order. Motivated by this and their subsequent investigations on block separations and inclusions [2] , Bessenrodt and Zhang asked the following question. Which are the finite simple groups of Lie type of characteristic p, such that the Steinberg character is in the principal -block for all primes = p dividing the group order? In the notation of [1] , this asks for those groups G of this class for which the trivial character and the Steinberg character of G are not separated by π(G) \ {p}.
Here we answer the question of Bessenrodt and Zhang. It turns out that the answer is generic in the sense that it only depends on the Lie type of the group and not on the underlying characteristic. This genericity suggests that there could be a more uniform proof than the one presented here.
Theorem. Let G be a finite simple group of Lie type of characteristic p. Then the Steinberg character of G lies in the principal -block of G for all primes = p dividing the order of G, if and only if G is one of the groups in the following list.
(1) PSL n (q) with 2 ≤ n ≤ 4, (n, q) = (2, 2), (2, 3) . Proof. The fact that all the groups in the above list satisfy the claimed property can be proved with the help of the Brauer criterion. Generic character tables of the twisted groups of Lie type, at least of their unipotent characters, are available in the literature [6, 18, 20, 15] . The character tables of the Chevalley group of type G 2 are published in [4, 7, 8] . The tables can also be obtained through CHEVIE [12] , which in addition provides programs to compute central characters and reduce these modulo the relevant primes. The assertion for the groups of type F 4 has been verified by Frank Lübeck with the help of his programs producing lists of representatives for the conjugacy classes and the corresponding centralizer orders. For groups of type F 4 such lists have first been computed by Shinoda and Shoji, and the tables published in [16, 17] allow to check the result for these groups by hand.
The claim for the classical groups can be proved with the results of Fong and Srinivasan [9, 10] . For = 2 (and odd q) one can use [13] to show that the Steinberg character lies in the principal 2-block.
Let G be a finite simple group of characteristic p not contained in the list of the theorem. We have to show that there is a prime = p such that the Steinberg character is not in the principal -block. For this purpose we use the Brauer criterion applied to a particular semisimple element of G and a suitable prime .
Let s be a semisimple element of G and put C := C G (s). Then, if χ is an irreducible character of G, the value of the central character corresponding to χ on the class sum containing s equals (1) |G : C|χ(s)/χ(1).
In particular, if χ = St is the Steinberg character of G, the value of (1) equals
Subtracting (2) from the corresponding value for the trivial character of G we obtain We may as well replace G by a central extension of G. We first let G = G n (q) be one of the groups SL n (q), SU n (q), n ≥ 5, or Sp n (q), n ≥ 6 even. Let s ∈ SL 2 (q) be a generator of the Coxeter torus, i.e., s has order q + 1. Then s embeds into G such that C := C G (s) contains the subgroup G n−2 (q) with p -index. In the first two cases we have
In the third case we have
In the first and third case we choose a Zsigmondy prime for q n−2 − 1 if (q, n) = (2, 8), and = 31 if (q, n) = (2, 8) . In the second case we choose a Zsigmondy prime for q n−2 − 1 if n is even, and for q 2(n−2) − 1 if n is odd. Then (|G : C| p ± 1) |G : C| p . An excellent reference for the facts used in the following arguments for the orthogonal groups is [19, Chapters 11, 12] . First, let G = Ω 2m+1 (q) with q odd and m ≥ 3. There is an involution s ∈ G such that C := C G (s) = Ω To show that the Steinberg character of an exceptional group G(q) is not contained in the principal block for some prime dividing |G(q)|, we use the results of Broué, Malle, and Michel [3, Theorem 5.24, Tables 1, 2 ]. If G is of type E 6 , 2 E 6 , E 7 , and E 8 , respectively, we put d := 5, 10, 5, and 18, respectively, and let be a Zsigmondy prime for q d − 1. Then > d and d is the order of q modulo . The claim now follows from [3, Tables 1, 2] .
Remarks. Let G be one of the non-simple groups belonging to the series of groups listed in the theorem, i.e., G is one of PSL 2 (2) ∼ = S 3 , PSL 2 (3) ∼ = A 4 , PSU 3 (2), PSp 4 (2) ∼ = S 6 , G 2 (2), 2 B 2 (2), 2 G 2 (3), or 2 F 4 (2) (where the characteristic p of G is the one indicated in its name; thus 2 G 2 (3) ∼ = PΓL 2 (8) is viewed as a group of characteristic 3). Then G also satisfies the conclusion of the theorem, i.e., the Steinberg character of G lies in the principal -block for all primes = p dividing |G|. This can easily be checked with the Atlas [5] or GAP [11] .
Let N be a normal subgroup of G, and be prime as above. By a general result on block covering, the constituents of the restriction of the Steinberg character of G to N lie in the principal -block of N .
